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\section{Test collections and complete $K$-spectral sets}

\begin{frame}{Von Neumann's inequality}
If $T$ is a contraction on a Hilbert space $H$ (i.e., $\|T\|\leq 1$), then
\[
\|p(T)\| \leq \max_{z\in\overline{\D}} |p(z)|,
\]
for every polynomial $p$.

\
\pause

In fact,
\[
\|f(T)\|_{\B(H^s)} \leq \max_{z\in\overline{\D}} \|f(z)\|,
\]
for every for every rational function $f = [f_{jk}]_{j,k=1}^s$ with values on $s \times s$
matrices and no poles in $X$, and every $s \geq 1$.

\

Here, $f(T) = [f_{jk}(T)]_{j,k=1}^s$.
\end{frame}

\begin{frame}{Complete $K$-spectral sets}
\begin{definition}
$H$ a Hilbert space, $T \in \B(H)$ a bounded operator, $X \subset \widehat{\C}$ a
compact set. $X$ is a complete $K$-spectral set for $T$ if
\[
\|f(T)\|_{\B(H^s)} \leq K \max_{z \in X} \|f(z)\|_{\B(\C^s)},
\]
for every rational function $f = [f_{jk}]_{j,k=1}^s$ with values on $s \times s$
matrices and no poles in $\overline{\D}$, and every $s \geq 1$.
\end{definition}
\pause
\begin{itemize}
\item $T$ is a contraction if and only if $\overline{\D}$ is a complete
  1-spectral set (von Neumann's inequality).
\pause
\item $T$ is similar to a contraction if and only if $\overline{\D}$ is a
  complete $K$-spectral set for some $K$.
\pause
\item $T$ is similar to an operator having a rational normal dilation to
  $\partial X$ if and only if $X$ is a complete $K$-spectral set for some $K$.
 This means that there is $\widetilde{H} \supset H$ and
 $N \in  \B(\widetilde{H})$ normal with $\sigma(N) \subset \partial X$ such that
\[
Sf(T)S^{-1} = P_Hf(N)|H,\qquad \forall f\text{ rational with no poles on $X$}.
\]
\end{itemize}
\end{frame}

\begin{frame}{Some results about complete $K$-spectral sets}
\begin{enumerate}
\item Let $\Omega_1,\ldots,\Omega_n \subset \widehat{\C}$ be simply connected
  domains with analytic boundaries and
 such that their boundaries do not intersect. Then $\overline{\bigcap \Omega_j}$
 is complete $K$-spectral for $T$ if and only if $\overline{\Omega_j}$ is
 complete $K_j$-spectral
 for $T$. \emph{(Douglas, Paulsen, 1986)}. 
\pause
\item Let $D_1,\ldots,D_n$ be discs in $\widehat{\C}$. If $\overline{D_j}$ is
(complete) $1$-spectral for $T$, then $\overline{\bigcap D_j}$ is complete $K$-spectral
  for $T$.
 \emph{(Badea, Beckermann, Crouzeix, 2009)}.
\pause
\item Let $X$ be a compact convex set. If the numerical range of T
\[
W(T) = \{\langle Tx, x\rangle : \|x\| = 1\}
\]
is contained in $X$,
then $X$ is a complete $K$-spectral set for $T$. \emph{(Delyon, Delyon, 1999)}.
\pause
\item Let $B$ be a finite Blaschke product. If $\sigma(T)\subset\overline{\D}$
  and $\overline{\D}$ is complete $K'$-spectral for $B(T)$, then $\overline{\D}$
  is complete $K$-spectral for $T$.
 \emph{(Mascioni, 1994)}.
\end{enumerate}
\end{frame}

\begin{frame}{Test collections}
\textbf{Our main problem:}

\

$X \subset \widehat{\C}$ some set. We look for a collection $\Phi$ of functions
  analytic in $X$ such that
\begin{equation}
\tag{$\ast$}
\label{eq:*}
\sigma(T) \subset X,\ \|\varphi(T)\| \leq 1, \forall \varphi \in \Phi
\Rightarrow
\overline{X}
\text{ is complete $K$-spectral for $T$},
\end{equation}
or
\begin{equation}
\tag{$\ast\ast$}
\label{eq:**}
\begin{split}
\sigma(T) \subset X,\
&\text{$\overline{\D}$ is complete $K'$-spectral for } \varphi(T),
\forall \varphi \in \Phi \Rightarrow\\ 
&\overline{X}
\text{ is complete $K$-spectral for $T$}.
\end{split}
\end{equation}

\begin{itemize}
\item Tipically, $X = \Omega$ an open domain, or $X = \overline{\Omega}$.
\end{itemize}

\pause

\begin{definition}
\begin{itemize}
\item $\Phi$ is a \alert{test collection} in $X$ if \eqref{eq:*} holds, with $K=K(\Omega,\Phi)$.
\item $\Phi$ is a \alert{strong test collection} in $X$ if \eqref{eq:**} holds,
with $K=K(\Omega,\Phi,K')$.
\item $\Phi$ is a \alert{non-uniform test collection} in $X$ if \eqref{eq:*} holds,
with $K=K(\Omega,\Phi,T)$.
\item $\Phi$ is a \alert{non-uniform strong test collection} in $X$ if \eqref{eq:**} holds,
with $K=K(\Omega,\Phi,K',T)$.
\end{itemize}
\end{definition}
\end{frame}

\begin{frame}{Previous results restated in the language of test collections}
\begin{enumerate}
\item Let $\Omega_1,\ldots,\Omega_n \subset \widehat{\C}$ be simply connected
  domains with analytic boundaries and
 such that their boundaries do not intersect.
 Let $\varphi_k : \overline{\Omega_k} \to \overline{\D}$ be Riemann conformal mappings.
 Then $\{\varphi_1,\ldots,\varphi_n\}$
 is a strong test collection in $\overline{\bigcap \Omega_k}$.
 \emph{(Douglas, Paulsen, 1986)}.
\pause
\item Let $D_1,\ldots,D_n$ be discs in $\widehat{\C}$. 
Let $\varphi_k$ be a M\"obius transformation taking $D_k$ onto $\D$. Then
$\{\varphi_1,\ldots,\varphi_n\}$ is a test collection in
$\overline{\bigcap D_k}$. \emph{(Badea, Beckermann, Crouzeix, 2009)}.

\pause
\item Let $X$ be a compact convex set. Write $X = \bigcap H_\alpha$, with
  $H_\alpha$ closed half-planes. Let $\varphi_\alpha$ be a M\"obius transformation
  taking $H_\alpha$ onto $\overline{\D}$. Then $\{\varphi_\alpha\}$ is a test
  collection in $X$. \emph{(Delyon, Delyon, 1999)}.
\pause
\item If $B$ is a finite Blaschke product, the set $\{B\}$ is a non-uniform
  strong test collection in $\overline{\D}$. \emph{(Mascioni, 1994)}.
\end{enumerate}
\end{frame}

\begin{frame}{Admissible domains and maps}
\begin{definition}
\begin{itemize}
\item $\Omega \subset \C$ a domain such that $\partial\Omega$ is a disjoint finite
  union of piecewise analytic Jordan curves. We assume that the angles of the
  ``corners'' of $\partial\Omega$ are not $0$ nor $2\pi$ (i.e., no cusps).
\item $\{J_k\}_{k=1}^n$ closed analytic arcs intersecting each other at most in
  two points and such that $\partial \Omega = \bigcup J_k$.
\item $\Phi = (\varphi_1,\ldots,\varphi_n) : \overline{\Omega} \to
  \overline{\D}^n$ analytic in $\overline{\Omega}$ (can be weakened in many cases).
\item $|\varphi_k| = 1$ in $J_k$.
\item $\varphi_k'$ does not vanish in $J_k$.
\item $\varphi_k(\zeta) \neq \varphi_k(z)$ if $\zeta \in J_k$,
 $z \in \overline{\Omega}$, and $z \neq \zeta$.
\end{itemize}
\end{definition}

\begin{center}
\includegraphics[scale=0.52]{fig1}
\end{center}
\end{frame}

\begin{frame}{A simple example of an admissible map}
\begin{example}
$\Omega_1,\ldots,\Omega_n$ simply connected domains with analytic boundaries and
  such that their boundaries intersect transversally.

$\Omega = \bigcap \Omega_k$, $J_k = \partial\Omega \cap \partial\Omega_k$.

 $\varphi_k : \overline{\Omega_k} \to \overline{\D}$ Riemann conformal mappings.
\end{example}

\begin{center}
\includegraphics[scale=0.5]{fig2}
\end{center}

\pause
But $\varphi_k$ need not be univalent in $\Omega$ in general.
\end{frame}

\begin{frame}{Our results about admissible maps}
\begin{block}{Theorem 1 (Dritschel, E., Yakubovich)}
Let $\Omega$ be a simply connected domain, and $\Phi:\overline{\Omega}\to\overline{\D}^n$
admissible. Then $\Phi$ is a non-uniform strong test collection in
$\overline{\Omega}$.
If $\Phi$ is injective and $\Phi'$ does not vanish in $\Omega$, then $\Phi$ is a strong test
collection in $\overline{\Omega}$.
\end{block}

\begin{block}{Theorem 2 (Dritschel, E., Yakubovich)}
Let $\Omega$ be a not necessarily simply connected domain.
If $\Phi:\overline{\Omega}\to\overline{\D}^n$ is admissible and injective and
$\Phi'$ does not vanish in $\Omega$, then $\Phi$ is a strong test collection in $\Omega$.
\end{block}

%Note: If $\sigma(T) \subset \Omega$, then it is easy to see that
%$\overline{\Omega}$ is complete $K$-spectral for $T$ with $K=K(\Omega,T)$. Hence, technically,
%$\emptyset$ is a non-uniform strong test collection in $\Omega$.
\end{frame}

\section{Separation of singularities}

\begin{frame}{A simple case of an admissible function}
Let $\Omega_1$, $\Omega_2$ be simply connected domains whose boundaries are
analytic and  intersect transversally.
Put $\Omega = \Omega_1 \cap \Omega_2$.

Let
$\varphi_k : \Omega_k \to \D$ be Riemann conformal mappings.

Then $\Phi = (\varphi_1,\varphi_2) : \overline{\Omega} \to \overline{\D}^2$ is
admissible.

\

To prove that $\Phi$ is a test collection we can use a decomposition of
$f \in H^\infty(\Omega)$ as
\[f = g_1 \circ \varphi_1 + g_2 \circ \varphi_2,\]
with $g_k \in H^\infty(\D)$.

\

\pause
We denote $f_k = g_k \circ \varphi_k$. The problem is equivalent to writing
\[f = f_1 + f_2,\]
with $f_k \in H^\infty(\Omega_k)$, because $\exists \varphi_k^{-1}$.

\
\pause

How to decompose $f = f_1 + f_2$?

\end{frame}

\begin{frame}{Havin--Nersessian--Ortega-Cerd\'a decomposition}
\begin{block}{}
Let $\Omega_1$, $\Omega_2$ be simply connected domains whose boundaries intersect
transversally. Put $\Omega = \Omega_1 \cap \Omega_2$. Then
$f \in H^\infty(\Omega)$ can be written as
\[f = f_1 + f_2,\]
with $f_j \in H^\infty(\Omega_j)$.
\end{block}

\ \pause

$f$ has singularities in $\partial\Omega$, $f_j$ has singularities in
$\partial\Omega\cap\partial\Omega_j$. The singularities of $f$ have been
separated somehow.

\ \pause

How to do this? 
\pause
\emph{First try (wrong).} Write $f$ as its Cauchy integral
$f = \mathcal{C}_{\partial\Omega} f$. Put
$J_k = \partial\Omega\cap\partial\Omega_k$, and
$f_k = \mathcal{C}_{J_k} f$. Then $f = f_1 + f_2$, but $f_k$ have logarithmic
singularities in the points of $J_1 \cap J_2$, so
$f_k \notin H^\infty(\Omega_k)$. (This would have worked for $H^p$,
$p < \infty$, instead of $H^\infty$).

\ \pause

\emph{The idea of H-N-OC.} Put $\{z_1,z_2\} = J_1\cap J_2$. Put
$\Gamma_k = J_k \cap \D_\varepsilon(z_k)$. Let $R_k$ be a rigid rotation around
$z_k$ such that $R_k(\Gamma_k)$ is outside $\Omega$. Then they show that
\[
f_1 = \mathcal{C}_{J_1} f + \mathcal{C}_{R_2(\Gamma_2)} (f\circ R_2^{-1}) -
\mathcal{C}_{R_1(\Gamma_1)} (f\circ R_1^{-1}) \in H^\infty(\Omega_1),
\]
\[
f_2 = \mathcal{C}_{J_2} f - \mathcal{C}_{R_2(\Gamma_2)} (f\circ R_2^{-1}) +
\mathcal{C}_{R_1(\Gamma_1)} (f\circ R_1^{-1}) \in H^\infty(\Omega_2).
\]
\end{frame}

\begin{frame}{Separation of singularities with the composition}
If $\varphi_k$ are univalent, we have seen how to write
\[f = g_1 \circ \varphi_1 + g_2 \circ \varphi_2\]
by putting $g_k = f_k \circ \varphi_k^{-1}$.

\

\pause

What can we do if $\varphi_k : \Omega \to \D$ are not univalent, but they still send $J_k$
bijectively onto some arc of $\T$?

\pause
\

Our main analytic tool:

\begin{block}{Theorem 3 (Dritschel, E., Yakubovich)}
Let $\Omega$ and $\Phi =
(\varphi_1,\ldots,\varphi_n):\overline{\Omega}\to\overline{\D}^n$
be admissible. Then there exist bounded linear operators
$F_k : H^\infty(\Omega) \to H^\infty(\D)$ such that the operator
\[
f \mapsto f - \sum_{k=1}^n F_k(f)\circ\varphi_k
\]
is compact in $H^\infty(\Omega)$ and its range is contained in
$A(\overline{\Omega}) =
\operatorname{Hol}(\Omega)\cap\mathcal{C}(\overline{\Omega})$.

Moreover, $F_k$ map $A(\overline{\Omega})$ into $A(\overline{\D})$.
\end{block}
\end{frame}

\begin{frame}{Techniques of the proof}
\begin{itemize}
\item The integral operator
\[
f \mapsto \int_{J_k} \left[ \frac{1}{\zeta - z} -
  \frac{\varphi_k'(\zeta)}{\varphi_k(\zeta) - \varphi_k(z)} \right] f(\zeta)\, d\zeta
\]
is weakly singular. Hence compact.

\item Replace the Cauchy integrals
\[
\int_{J_k} \frac{1}{\zeta - z} f(\zeta)\,d\zeta
\]
by \emph{modified} Cauchy integrals
\[
\int_{J_k} \frac{\varphi_k'(\zeta)}{\varphi_k(\zeta) - z} f(\zeta)\, d\zeta,
\]
which are analytic in $\C\setminus\varphi_k(J_k)$.

\item Use the trick of Havin--Nersessian--Ortega-Cerd\'a to get functions in
$H^\infty(\D)$ when \emph{cutting} f into a sum of Cauchy integrals in arcs
$J_k$. $f = \mathcal{C}_{\partial\Omega} f = \sum \mathcal{C}_{J_k} f$.
\end{itemize}
\end{frame}

\section{Generation of algebras}

\begin{frame}{The algebras $\mathcal{H}_\Phi$ and $\mathcal{A}_\Phi$}
$\Omega$ some domain, $\Phi = (\varphi_1,\ldots,\varphi_n):\overline{\Omega}\to\overline{\D}^n$.
\[
\mathcal{H}_\Phi = \left\{ \sum_{j=1}^l
f_{j,1}(\varphi_1(z))f_{j,2}(\varphi_2(z))\cdots f_{j,n}(\varphi_n(z)) :\
l \in \N,\ f_{j,k} \in H^\infty(\D)\right\}
\]
\[
\mathcal{A}_\Phi = \left\{ \sum_{j=1}^l
f_{j,1}(\varphi_1(z))f_{j,2}(\varphi_2(z))\cdots f_{j,n}(\varphi_n(z)) :\
l \in \N,\ f_{j,k} \in A(\overline{\D})\right\}
\]
These are the (non-closed) subalgebras of $H^\infty(\Omega)$ and
$A(\overline{\Omega})$ generated by functions of the form $f \circ \varphi_k$,
with $f \in H^\infty(\D)$ or $f \in A(\overline{\D})$.

\

\pause
\textbf{Questions:}

\begin{itemize}
\item What geometric conditions on $\Phi$ guarantee that
$\mathcal{H}_\Phi = H^\infty(\Omega)$ and $\mathcal{A}_\Phi =
A(\overline{\Omega})$?
\pause
\item What geometric conditions on $\Phi$ guarantee that
$\mathcal{H}_\Phi$ and $\mathcal{A}_\Phi$ are closed subalgebras of finite
codimension in $H^\infty(\Omega)$ and $A(\overline{\Omega})$ (respectively)?
\end{itemize}
\end{frame}

\begin{frame}{Finite codimension}
\begin{block}{Theorem 4 (Dritschel, E., Yakubovich)}
If $\Omega$ and $\Phi$ are admissible, then $\mathcal{H}_\Phi$ and
$\mathcal{A}_\Phi$ are closed subalgebras of finite
codimension in $H^\infty(\Omega)$ and $A(\overline{\Omega})$ respectively.
\end{block}
\pause
\begin{proof}
Put $G f = \sum_{k=1}^n F_k(f) \circ \varphi_k$. Then $G : H^\infty(\Omega) \to
H^\infty(\Omega)$ and $G - I$ is compact. Hence, $G H^\infty(\Omega)$ is a
closed subspace of finite codimension in $H^\infty(\Omega)$. Note that
$GH^\infty(\Omega) \subset \mathcal{H}_\Phi$.

\

For $\mathcal{A}_\Phi$, use the restriction $G|A(\overline{\Omega})$.
\end{proof}
\end{frame}

\begin{frame}{Equalities $\mathcal{H}_\Phi = H^\infty(\Omega)$ and $\mathcal{A}_\Phi =
A(\overline{\Omega})$}
\begin{block}{Theorem 5 (Dritschel, E., Yakubovich)}
If $\Omega$ and $\Phi$ are admissible, $\Phi$ is injective in
$\overline{\Omega}$, and $\Phi'$ does not vanish in $\Omega$, then
$\mathcal{H}_\Phi = H^\infty(\Omega)$ and
$\mathcal{A}_\Phi = A(\overline{\Omega})$.
\end{block}

Note: It is easy to see that $\Phi$ being injective and $\Phi'$ not vanishing
are necessary conditions for the equalities to hold.

\
\pause

%%The proof uses Banach algebra tools and the classification of the
%%one-codimensional closed unital subalgebras of a unital Banach algebra
%%(Gorin, 1969).

The proof uses Banach algebra tools and the following classification of the
one-codimensional closed unital subalgebras $A_0$ of a unital Banach algebra
$A$ (Gorin, 1969).

\

$A_0$ can have one of the following two forms:
\begin{itemize}
\item $A_0 = \operatorname{ker}(\psi_1-\psi_2)$, where
  $\psi_1,\psi_2 \in \M(A)$, $\psi_1 \neq \psi_2$. (Informally,
  $A_0$ are the
  functions which coincide at the points $\psi_1$ and $\psi_2$).
\item $A_0 = \operatorname{ker}\eta$, where $\eta\neq0$ is a continuous derivation at some
$\psi\in\M(A)$, i.e., $\eta \in A^*$ and
\[
\eta(fg) = \eta(f)\psi(g) + \psi(f)\eta(g),\qquad \forall f, g\in A.
\]
(Informally, $A_0$ are the functions whose derivative at the point $\psi$ vanishes).
\end{itemize}
\end{frame}

\section{Fitting everything together: idea of the proofs of the results about test
  functions}

\begin{frame}
\begin{block}{Theorem 2 (Dritschel, E., Yakubovich)}
If $\Phi:\overline{\Omega}\to\overline{\D}^n$ is admissible and injective and
$\Phi'$ does not vanish in $\Omega$, then $\Phi$ is a strong test collection in $\Omega$.
\end{block}

\pause

Take $T$ with $\sigma(T)\subset \Omega$ and such that
$\overline{\D}$ is complete $K$-spectral for $\varphi_k(T)$,
and $f$ a $s \times s$-matrix--valued
rational function with no poles in $\overline{\Omega}$. We must show that
\[
\|f(T)\| \leq C \max_{z\in\overline{\Omega}} \|f(z)\|.
\]

\pause

We do the case $s = 1$.

Put $Gf = \sum F_k(f)\circ\varphi_k$. Since $G - I$ is compact, there exist an
operator $R$ and an operator $P$ with finite-dimensional range such that
$I = GR + P$. We can write
\[
f = \sum_{k=1}^n F_k(Rf)\circ\varphi_k + \sum_{j=1}^r \alpha_j(f)g_j,
\]
where $\alpha_j \in (A(\overline{\Omega}))^*$ and $g_j \in A(\overline{\Omega})
= \mathcal{A}_\Phi$.

\[
\|g_j(T)\| = \left\|\sum_{t = 1}^l f_{j,t,1}(\varphi_1(T))\cdots
f_{j,t,n}(\varphi_n(T))\right\|
\leq
\sum_{t=1}^l K^n \|f_{j,t,1}\|_\infty \cdots \|f_{j,t,n}\|_\infty \leq C.
\]
\end{frame}

\begin{frame}
\[
\|f(T)\| \leq \sum_{k=1}^n \|F_k(Rf)(\varphi_k(T))\| + \sum_{j=1}^r
|\alpha_j(f)|\|g_j(T)\|
\leq C\|f\|_\infty.
\]

The case $s \geq 2$ is the same. We have to use that an operator whose range is
contained in a commutative $C^*$-algebra is automatically completely
bounded. This means that the bounds that we have obtained before are uniform in $s$.
\end{frame}

\begin{frame}{The case when $\sigma(T) \cap \partial \Omega \neq \emptyset$}
\begin{block}{Theorem 1 (Dritschel, E., Yakubovich)}
Let $\Omega$ be a simply connected domain, $\Phi:\overline{\Omega}\to\overline{\D}^n$
admissible. Then $\Phi$ is a non-uniform strong test collection in
$\overline{\Omega}$.
If $\Phi$ is injective and $\Phi'$ does not vanish in $\Omega$, then $\Phi$ is a strong test
collection in $\overline{\Omega}$.
\end{block}
Here $\sigma(T)$ can intersect $\partial \Omega$. We cannot use the previous
argument.

\pause

Idea: To use a \emph{shrinking} of $\Omega$.

\begin{itemize}
\item $\{\psi_\varepsilon\}_{0\leq\varepsilon\leq\varepsilon_0}$ analytic and
univalent functions on some open $U \supset \overline{\Omega}$.
\item $\psi_0 \equiv z$.
\item $\psi_\varepsilon(\overline{\Omega}) \subset \Omega$ for
$\varepsilon > 0$.
\item $\varepsilon \mapsto \psi_\varepsilon$ is
continuous in the topology of uniform convergence on compact subsets of $U$.
\end{itemize}
To construct the shrinking we need that $\Omega$ is simply connected.

\pause
\begin{itemize}
\item Pass to operators $T_\varepsilon = \psi_\varepsilon(T)$.
\item $\sigma(T_\varepsilon) \subset \Omega$.
\item $T_\varepsilon \to T$ in operator norm.
\end{itemize}
\end{frame}

\begin{frame}
\begin{block}{}
\begin{center}
\Huge Thank you!
\end{center}
\end{block}
\end{frame}
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%     \item<4->
%       Second item.
%     \end{itemize}
%   \item
%     using the general \texttt{uncover} command:
%     \begin{itemize}
%       \uncover<5->{\item
%         First item.}
%       \uncover<6->{\item
%         Second item.}
%     \end{itemize}
%   \end{itemize}
% \end{frame}
% 
% 
% \subsection{Previous Work}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% 
% 
% \section{Our Results/Contribution}
% 
% \subsection{Main Results}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% 
% \subsection{Basic Ideas for Proofs/Implementation}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% \begin{frame}{Make Titles Informative.}
% \end{frame}
% 
% 
% 
% \section*{Summary}
% 
% \begin{frame}{Summary}
% 
%   % Keep the summary *very short*.
%   \begin{itemize}
%   \item
%     The \alert{first main message} of your talk in one or two lines.
%   \item
%     The \alert{second main message} of your talk in one or two lines.
%   \item
%     Perhaps a \alert{third message}, but not more than that.
%   \end{itemize}
%   
%   % The following outlook is optional.
%   \vskip0pt plus.5fill
%   \begin{itemize}
%   \item
%     Outlook
%     \begin{itemize}
%     \item
%       Something you haven't solved.
%     \item
%       Something else you haven't solved.
%     \end{itemize}
%   \end{itemize}
% \end{frame}
% 
% 
% 
% % All of the following is optional and typically not needed. 
% \appendix
% \section<presentation>*{\appendixname}
% \subsection<presentation>*{For Further Reading}
% 
% \begin{frame}[allowframebreaks]
%   \frametitle<presentation>{For Further Reading}
%     
%   \begin{thebibliography}{10}
%     
%   \beamertemplatebookbibitems
%   % Start with overview books.
% 
%   \bibitem{Author1990}
%     A.~Author.
%     \newblock {\em Handbook of Everything}.
%     \newblock Some Press, 1990.
%  
%     
%   \beamertemplatearticlebibitems
%   % Followed by interesting articles. Keep the list short. 
% 
%   \bibitem{Someone2000}
%     S.~Someone.
%     \newblock On this and that.
%     \newblock {\em Journal of This and That}, 2(1):50--100,
%     2000.
%   \end{thebibliography}
% \end{frame}
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